The Earth's velocity relative to the Sun in galactic coordinates is required in the rate calculation for direct detection experiments. We provide a rigorous derivation of this quantity to first order in the eccentricity of the Earth's orbit. We also discuss the effect of the precession of the equinoxes, which has hitherto received little explicit discussion. Comparing with other expressions in the literature, we confirm that the expression of Lee, Lisanti and Safdi is correct, while the expression of Lewin and Smith, the de facto standard expression, contains an error. For calculations of the absolute event rate, the leading order expression is sufficient while for modulation searches, an expression with the eccentricity is required for accurate predictions of the modulation phase.
I. INTRODUCTION
A convincing body of evidence indicates that there is a large population of particle dark matter in our galaxy [1] . One of the most promising experimental probes of the non-gravitational interactions of dark matter is direct detection experiments. By measuring the nuclear recoil energy spectrum, they aim to reconstruct the mass and interaction cross-section for dark matter to interact with nuclei [2] .
For dark matter with local density ρ DM , mass m DM and differential scattering cross-section dσ/dE R to interact with a nucleus of mass m N , the differential scattering rate (in units of counts/kg/day/keV) is
where v = |v| is the dark matter speed, f det the velocity distribution in the rest frame of the detector and v min is the minimum speed that the dark matter must have in order that a nucleus recoils with energy E R . The velocity distribution in the detector's rest frame is simply related to the distribution in the galactic rest frame f gal (for which numerous models are known e.g. [3] [4] [5] [6] [7] [8] [9] ), through a Galilean boost
Here, v Earth (t) is the velocity of the Earth with respect to the galactic rest frame and it is conventionally decomposed into three terms
the velocity of the local standard of rest (LSR), the peculiar velocity of the Sun with respect to the LSR and the velocity of the Earth around the Sun. These quantities are normally expressed in galactic rectangular coordinates in which X points towards the galactic centre, Y in the direction of galactic rotation and Z normal to the galactic plane in the direction of the galactic North pole. In this case v LSR = (0, v 0 , 0), where conventionally v 0 = 220 km/s and v pec = (11.1 ± 1.2, 12.2 ± 2.0, 7.3 ± 0.6) km/s [10] . Unfortunately there are significant uncertainties on both of these parameters with recent inferences typically finding higher values, see e.g [11, 12] . The impact on experimental exclusion limits due to the uncertainty in v 0 and v pec has been discussed previously [13] . Given its central importance in evaluating the event rate, it is surprising that there is no rigorous derivation of u E (t) in the literature. The velocity u E (t) is especially important for annual modulation searches [14, 15] , which are growing in prominence with results from DAMA [16] , CoGeNT [17] and CDMS [18] , since all of the time dependence in the rate enters through u E (t). The de facto standard for u E (t) is the result of Lewin and Smith [19] , which includes the first order correction from the eccentricity of the Earth's orbit. In this paper, we provide a rigorous derivation of u E (t) and we demonstrate that the expression of Lewin and Smith contains an error, as suggested in [20] .
In section II we introduce our notation and define the relevant parameters that describe the Earth's orbit around the Sun. We give two equivalent expressions for u E (t) in section III. Both of these expressions are series expansions to first order in the eccentricity of the Earth's orbit and in the epoch of date, a parameter that accounts for the precession of the equinoxes. The effect of this precession on u E (t) has not previously been discussed in the literature. Section IV discusses the phenomenological consequences from using different expressions for u E (t) when calculating observable quantities at direct detection experiments. Finally, two appendices contain technical details.
II. THE EARTH'S ORBIT
The Earth's orbit around the Sun is described by Kepler's laws. The purpose of this section is to introduce the parameters that are relevant for our discussion while leaving a more comprehensive discussion to standard texts on the subject e.g. [21] .
The elliptical orbit of the Earth (blue disc) around the Sun (yellow disc). The eccentricity of this ellipse is ten times the eccentricity of the Earth's orbit (10 × 0.01671). The direction of the orbit is anti-clockwise, as indicated by the blue arrow. The Earth-Sun radius is r, the true anomaly is ν and the longitude of perihelion is . The x and y axes of the heliocentric ecliptic rectangular coordinate system are shown. The x-axis points in the direction of the vernal equinox (Υ) and the y-axis points in the direction of the summer solstice. Ecliptic longitude = + ν is measured anti-clockwise from the x-axis.
As shown in fig. 1 , the Earth has an elliptical orbit around the Sun. With the Sun at one of the focus points of the ellipse, the Earth-Sun radius is
where a = 1 AU is the length of the orbit's semi-major axis, e = 0.01671 is the eccentricity and ν is the true anomaly, the angle between the Sun-Earth vector and the direction of the perihelion, as shown in fig. 1 . The angle ν does not increase uniformly with time, therefore it is conventional to relate it to the mean anomaly g, which does (g does not have a direct geometric interpretation but it is related to the eccentric anomaly, which does). There is no closed form expression relating ν and g but owing to the smallness of e, a power series in e is a good approximation [21] 
This power series is often call 'the equation of the centre'.
The numerical values that we quote for these parameters must be with respect to a spatial coordinate system and a reference time. The x and y axes of our righthanded spatial coordinate system are shown in fig. 1 . We will refer to this as the heliocentric ecliptic rectangular coordinate system since the x − y axes span the ecliptic plane and the Sun is at the origin. The x-axis points in the direction of the Earth when it is at the vernal equinox Υ, the y-axis is orthogonal pointing in the direction of the Earth when it is at the (northern hemisphere) summer solstice and the z-axis points out of the page. This convention differs from some others in the literature in which the x-axis points towards the autumnal equinox and the y-axis towards the winter solstice. The reference time from which other times will be referred is the J2000.0 epoch, which refers to 12h (Terrestrial Time) on 1st January 2000. To an excellent approximation, this is the same as noon GMT on 1st January 2000.
The ecliptic longitude and latitude b measure the angular distance from the x-axis and the distance from the x − y plane. The rectangular coordinates of a point on the unit sphere are related to and b through (x, y, z) = (cos cos b, sin cos b, sin b). To an excellent approximation, the Earth's orbit remains in the ecliptic plane so b = 0, while from fig. 1 we see that the ecliptic longitude is related to ν and through
where L = +g is the mean longitude, is the longitude of perihelion and the eccentricity, expressed in degrees is e = 0.
• 9574. Following [19] , for this work we take parameter values from [22] . They quote L = 280.
• 460 + 0.
• 9856474 n (8) g = 357.
• 528 + 0.
• 9856003 n
so that = 282.
• 932 + 0.
• 0000471 n .
Here n is the (fractional) day number from J2000.0. Appendix A describes how to calculate n given the calendar date. These parameter values are accurate to 1. 0 between 1950 and 2050 [22] .
III. THE EARTH'S VELOCITY AROUND THE SUN
We now derive two forms for u E (t), the Earth's velocity relative the Sun in galactic coordinates. Although these forms are superficially different, we show that they are equivalent. The first form results from projecting the Earth's position onto unit vectors that are parallel to the x and y axes of the heliocentric ecliptic coordinate system of fig. 1 . The position and velocity in galactic coordinates follows when these unit vectors are expressed in galactic coordinates. The second form results from projecting the Earth's position onto unit vectors parallel to the axes of the galactic coordinate system, whose position is given in terms of and b. The components of the Earth's velocity in galactic coordinates in terms of and b follows straightforwardly.
A. Projection onto ecliptic axes
The position of the Earth relative to the Sun, expressed in terms of unit vectorsˆ x andˆ y that point in the direction of the x and y-axes of the heliocentric ecliptic coordinate system shown in fig. 1 is r = r cos ˆ x + r sin ˆ y .
The velocity as a power series follows by differentiating this expression and expanding r and in terms of e. The series can in principle be expanded to any order but in practice, an expansion to first order in e is sufficient. In that case, the velocity is
with u E = aL = 29.79 km/s. Here we have neglected time derivatives ofˆ x andˆ y (|˙ i /ˆ i 10 −5 |) and ignored terms of order˙ /L ≈ 5 × 10 −5 . The problem is now reduced to finding expressions for x andˆ y in galactic coordinates. Let −R and M be the transformation matrices from heliocentric ecliptic rectangular coordinates to equatorial rectangular coordinates and from equatorial rectangular coordinates at J2000.0 to galactic rectangular coordinates respectively. Then,
ecl with x hel-ecl = (1, 0, 0) and y hel-ecl = (0, 1, 0). The elements of these rotation matrices are given in appendix B.
These expressions also include the inverse of the matrix P. The inverse of P is the precession matrix that rotates equatorial rectangular coordinates at epoch of date T to equatorial rectangular coordinates at J2000.0. This is required because M relates equatorial and galactic coordinates only at J2000.0. The physical origin of the precession ('the precession of the equinoxes') is due to the torque on the Earth from the gravitational interaction with the Moon, Sun and planets [23] . It causes the position of stars and in particular, the right ascension α GP and declination δ GP of the north Galactic pole and the longitude l CP of the north celestial pole (which enter M) to precess in the equatorial coordinate system. The same gravitational torques cause a separate effect called nutation, however we ignore it because it is always subdominant compared with the effect of precession [23] .
Carrying out the matrix multiplication and expandinĝ
x andˆ y to first order in T , we find that 
For practical use, the epoch of date T is related to the day from J2000.0 through
B. Projection onto galactic axes
For the second form, the position vector of the Earth in galactic coordinates is found by projecting onto the galactic axes X, Y and Z. Expressing the direction of the X, Y and Z in terms of latitude and longitude (b i , i ), where i = X, Y, Z, the position vector for each component is
As with eq. (11), the velocity follows by differentiating this equation and expanding r and in powers of e. To first order in e, the velocity for each component i is
where, for convenience, we define λ i ≡ i +180
• to absorb an overall minus sign that would otherwise be present. As with eq. (11) Carrying out this procedure and expanding to first order in T , we find (b X , λ X ) = (5.
• 536, 266.
• 840) + (0.
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• 340) + (0.
• 002, 1.
• 375) T (19)
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As we will show in section IV, the time dependence of b i and can be ignored with little loss in accuracy.
C. Comparisons
It should be clear from the above derivations that the expressions for u E (t) in eqs. (12) and (17) are equivalent. We make the equivalence explicit by noticing that the components ofˆ x andˆ y are related to b i and λ i throughˆ xi ≡ − cos b i cos λ i andˆ yi ≡ − cos b i sin λ i . A numerical resolution of these expressions confirms that this is true.
We now compare our expression with the two other expressions in the literature that are also valid to first order in e. Firstly, we compare with the expression of Lee, Lisanti and Safdi [20] . In order to compare expressions, we need to introduce new notation that matches theirs: they define λ p = − 180
• , g = ω(t − t p ), where t p is the time at perihelion and define the time t 1 when the Earth is at the vernal equinox Υ ( = 0
• ). Their unit vectors are also different; they are related to ours byˆ 1 =ˆ y ,ˆ 2 = −ˆ x . To obtain their expression, we need to relate t p to t 1 : inverting eq. (5) gives g = − λ p − π + 2e sin( − λ p ). Then, t p is expressed in terms of t 1 by evaluating this expression at t = t 1 , = 0
• . From this we find (to first order in e) that L = ω(t − t 1 ) − 2e sin λ p . Substituting this into eq. (12) and expanding to first order in e, we obtain
with u E = aω = 29.79 km/s. This expression matches the expression in section B.1 of [20] . Furthermore, using T = 0.13 in eqs. (13) and (14) gives the same numerical values for the unit vectorsˆ 1 andˆ 2 in 2013 as quoted in [20] . Secondly, we compare with the expression in appendix B of Lewin and Smith [19] . This expression is commonly cited in the literature but it was suggested in [20] that it is incorrect. We demonstrate that this is the case. Lewin and Smith retain the full expression for in the velocity, rather than expanding to first order e as in eq. (17) . Differentiating eq. (16) and expanding only r,ṙ and˙ to first order in e, we obtain
where following [19] , we have introduced the latitude of the orbit's minor axis: λ 0 = −270
• ≈ 12.
• 9. Comparing with Lewin and Smith's expression, we find that the numerical values of the latitude b i and longitude λ i are similar, differing by ∼ 0.
• 5 (the sign of b i is opposite because we use a heliocentric system while they use a geocentric system). While the leading order term matches theirs, the first order in e correction is different: we find that this correction is − cos(λ i − λ 0 ) rather than − sin( − λ 0 ), as stated in [19] .
IV. PHENOMENOLOGICAL CONSEQUENCES
We now consider the phenomenological consequences of using different expressions for u E (t) when calculating observable quantities at direct detection experiments.
Firstly, we consider the change in the unmodulated event rate. Typically, the consequences of ignoring the T and e dependence in eqs. (12) and (17) are very small. For instance, considering the total rate R at the LUX experiment [24] , the percentage change in R calculated with T and e dependence compared to R calculated without the T and e dependence is always less than 0.2%. This holds for the full dark matter mass range (few GeV m DM multi TeV), and for different interactions, including standard elastic scattering, momentum dependent scattering [25] and inelastic scattering [26] (see e.g. [27] for further details of these interactions). In comparison, the change in R when v 0 is varied by 30 km/s is ∼ 50% for elastic and momentum dependent scattering (with m χ = 10 GeV) and ∼ 80% for inelastic dark TABLE I . The second and third columns show the difference (in days) in the peak day ∆t peak (after 1 year and 14 years from J2000.0 respectively), and the fourth column shows the percentage change in the amplitude A between the exact expression for uE(t) and the expressions and approximations listed in the first column. The first two rows show that eqs. (12) and (17) are a very good approximation. The dominant change in the peak day arises when the e dependence is ignored. Varying v0 has the largest effect on the amplitude. Lewin & Smith's expression [19] predicts a peak day that is incorrect by 1.5 days.
matter (with m DM = 100 GeV and δ = 100 keV). Therefore, when considering the unmodulated rate, we conclude that it is always a good approximation to ignore the T and e dependence in eqs. (12) and (17) because the change in R owing to uncertainties in other astrophysical parameters is much greater. Secondly, we consider the consequences for the modulated event rate.
For a differential cross-section dσ/dE R ∝ v −2 , which is the form assumed by experiments when they set a spin-independent or spindependent limit, the Earth's velocity affects the rate R through the velocity integral
where (for elastic scattering)
We assume the 'Standard Halo Model' in which f gal (v) is simply an exponential with velocity dispersion 3/2v 0 and a hard cut-off at the galactic escape speed (taken as 533 km/s [28] ). In this case, g(v min , t) has a simple analytic form [13, 29] . We also assume that all of the time dependence in R arises from u E (t), ignoring other sources of time dependence such as gravitational focussing [30] . Table I lists the difference in the peak day and the amplitude of the modulated rate between the exact expression for u E (t) and the expressions and approximations listed in the first column. By 'exact' expression, we mean that eq. (11) is differentiated numerically with all time dependence retained and r and are expanded to third order in e. The second and third column show the difference (in days) in the peak day ∆t peak = t exact peak − t approx peak after 1 year and 14 years from J2000.0 respectively. In 2014, the exact expression predicts that the modulation peaks at about 7.45pm GMT on 1st June. The fourth column shows the percentage change in the amplitude ∆A = 100(A exact − A approx )/A exact assuming that E R = 3 keV (the threshold of LUX [24] and XENON100 [31] ) and m N is the mass of a xenon nucleus. We calculate ∆A for m DM = 10, 100 and 1000 GeV, quoting the largest value in Table I . The values for the other choices of m DM typically differ by a factor of a few.
The first two rows of table I show that the expansion of u E (t) to first order in e and T in eqs. (12) and (17) is a very good approximation. In these eqs., we have ignored the n dependence of and the T dependence of b i in eq. (17) as they are subdominant. In the next three rows, we consider the effect of ignoring the e and T dependence in eqs. (12) and (17) . The modulation peaks over a day earlier when e = 0 but the change in the modulation amplitude remains relatively small. Ignoring the T dependence leads to a smaller change but over a timescale of decades, the difference in the peak day can become comparable to the effect of ignoring e. The change in the amplitude remains small. When both terms are ignored, the difference from the exact expression is the linear sum of the individual differences. In the sixth and seventh rows, we show the changes from varying v 0 and v pec within their experimental error. The change in the peak day is slightly smaller than the effect of ignoring the first order e correction while the change in the amplitude is significantly larger. In the final row, we compare with the expression of Lewin and Smith. We find that their expression predicts a peak day which is incorrect by 1.5 days (in 2014).
In conclusion, we have demonstrated that expanding u E (t) to first order in e and T leads to results that are very close to the results from the exact expression. When interested in predictions of the peak day of the modulation, we conclude that the e dependence should be retained because its effect is larger than the effect from other approximations or varying other astrophysical parameters. If interested in changes of the amplitude, the v 0 dependence is by far the most dominant. The T dependence becomes increasingly important over a timescale of decades from J2000.0.
These results agree with other phenomenological studies in the literature. Green [23] found that the peak day of the modulation signal can change by up to 10 days if an overly simplistic form of u E (t) is used. Meanwhile, Lee, Lisanti and Safdi [20] demonstrated that an expansion of u E (t) to first order in e is required to accurately calculate the amplitude of the leading modes beyond annual modulation.
V. CONCLUSIONS
The Earth's velocity relative to the Sun expressed in galactic coordinates, u E (t), is crucial in determining the scattering rate at direct detection experiments. Somewhat surprisingly, many non-equivalent expressions for u E (t) are used in the literature. In sections II and III we have provided a rigorous derivation of two separate (but equivalent) forms: in eq. (12) and eq. (17) respectively. These expressions are series expansions to first order in the eccentricity e and epoch of date T . The dependence on T arises from the precession of the equinoxes and has not previously been discussed in the context of u E (t).
In section III we compared our result with the two other expressions in the literature that are valid to first order in e. We found that our expressions are equivalent to the result of Lee, Lisanti and Safdi [20] (after a suitable change of notation) but disagree with the result of Lewin and Smith [19] . The incorrect equation of Lewin and Smith predicts that the peak day of the modulated rate differs by 1.5 days from that calculated with eq. (12) (or equivalently, eq. (17)). The result of Lewin and Smith has been used as the de facto standard (see e.g. [23] ).
We considered the phenomenological consequences of using different expressions for u E (t) in section IV. For the unmodulated rate, we found that varying astrophysical parameters (such as the Sun's circular speed v 0 ) within their uncertainty leads to a much larger change in the calculated rate, compared to the modest change when using the tree-level expression for u E (t), which ignores e and T dependence. In comparison, the e dependence should be retained for modulation studies that require an accurate prediction of the peak day of the modulated rate. Ignoring the e dependence leads to a larger change than varying astrophysical parameters within their uncertainty (see table I ). The T dependence becomes important over a timescale of decades.
where the floor function x gives the largest integer less than or equal to x and
For example, for 6 p.m. GMT on 31st January 2009,Ỹ = 2008,M = 13 and D = 31.75 resulting in n = 3318.25.
Appendix B: Rotation matrices
In this appendix we give the elements of the rotation matrices used in section III. The axes shown in fig. 1 are the x and y-axes of the heliocentric ecliptic rectangular coordinate system. Geocentric ecliptic rectangular coordinates are related to these coordinates through [22] x geo-ecl. = −x hel-ecl. .
Equatorial rectangular coordinates are related to geocentric ecliptic rectangular coordinates through the relation x equat. = R x geo-ecl. , where [22] 
Here = 23.
• 4393−0.0130 T is the obliquity of the ecliptic and T is the epoch of date.
Galactic rectangular coordinates are related to equatorial rectangular coordinates at J2000.0 through the relation x gal. = M x equat. (J2000.0), where the elements of M are M 11 = − sin l CP sin α GP − cos l CP cos α GP sin δ GP M 12 = sin l CP cos α GP − cos l CP sin α GP sin δ GP M 13 = cos l CP cos δ GP M 21 = cos l CP sin α GP − sin l CP cos α GP sin δ GP M 22 = − cos l CP cos α GP − sin l CP sin α GP sin δ GP M 23 = sin l CP cos δ GP M 31 = cos α GP cos δ GP M 32 = sin α GP cos δ GP M 33 = sin δ GP .
(B3)
Here α GP and δ GP are the right ascension and the declination of the north galactic pole. By international convention, the J2000.0 right ascension and declination are (α GP , δ GP ) = (192.
• 85948, 27.
• 12825). Also required is the longitude of the north celestial pole, which in J2000.0 galactic coordinates, is l CP = 122.
• 932 [33] . The rotation matrix to rotate equatorial rectangular coordinates from J2000.0 to epoch of date T is x equat. (T ) = P x equat. (J2000.0), where the elements are P 11 = cos ζ A cos θ A cos z A − sin ζ A sin z A P 12 = − sin ζ A cos θ A cos z A − cos ζ A sin z A P 13 = − sin θ A cos z A P 21 = cos ζ A cos θ A sin z A + sin ζ A cos z A P 22 = − sin ζ A cos θ A sin z A + cos ζ A cos z A P 23 = − sin θ A sin z A P 31 = cos ζ A sin θ A P 32 = − sin ζ A sin θ A P 33 = cos θ A . are the traditional equatorial precession angles [22] .
